INTRODUCTION AND PRELIMINARIES
A common thread in the theory of wavelets has been to ask for which dilations A do there exist (multi-)wavelets Y={k 1 
, ..., k
Fourier transform side, Dai and Larson [12] and Hernández et al. [21, 22] initiated the study of minimally supported frequency wavelets, which were also studied in [6, 13, 14, 17, 33] . It is known that all expansive, integer valued matrices admit minimally supported frequency wavelets. Gu and Han [20] proved that all determinant two integer valued expansive matrices admit MRA wavelets, a result that was extended to arbitrary expansive, integer valued matrices in [2, 7] . More recently, the question of extending Daubechies [15, 16] construction to higher dimensions has been considered by Ayache [1] and independently by Belogay and Wang [5] . Calogero [10, 11] has studied the construction of Meyer type wavelets for the quinconx matrix in R 2 . The purpose of this paper is to solve the general existence problem for Meyer type wavelets in two dimensions. That is, we will show that for all expansive, integer valued 2 × 2 matrices, there exists a (multi-)wavelet Y such that for each i, k i is smooth and compactly supported.
A matrix is said to be expansive if all of its eigenvalues have modulus bigger than one. Such a matrix is often referred to as a dilation. We restrict our attention to dilations A which preserve a lattice C=PZ n , i.e., AC … C, where P is some n × n non-degenerate matrix. By standard considerations, see [24] , we will assume that C=Z n and hence A has integer entries. We say that the matrices A and B are integrally similar if there is an integer matrix C of determinant ± 1 such that A=CBC 
. Here, for k ¥ L 2 (R n ) we let
where T y f(x)=f(x − y) is a translation operator by the vector y ¥ R n , and
is a dilation by the matrix A.
To fix notation, the Fourier transform we will use in this paper is
Given a subset X … R n , conv X denotes the convex hull of X, sym conv X=conv(−X 2 X), and X°is the interior of X.
A minimally supported frequency (MSF) wavelet is a wavelet k such that |k |=1 W , for some measurable set W. For the purposes of this paper, we will say that the matrix A admits a Meyer type wavelet if there is a (multi-) wavelet Y such that each k i is smooth and compactly supported.
It is easy to see that whenever A=CBC −1 with C an integer matrix of determinant ± 1 and Y is a (multi-)wavelet with respect to B, then {k 
where P(W) is the power set of W.
The remainder of the terminology in this paper is standard, as can be found in [23, 31, 36] .
THE DETERMINANT TWO CASE
In this section, we prove that every expansive, 2 × 2 matrix of determinant ± 2 admits a Meyer type wavelet. Most of the work for this has been done by previous authors, so this section will consist of theorem quoting and one example.
The following follows from a theorem due to Latimer and MacDuffee (see [32] ), or an elementary argument as presented in [24] . Proposition 2.1. Let A be an expansive matrix with determinant ± 2. 
From Proposition 2.1, it follows that in order to show that all integral matrices of determinant ± 2 admit Meyer type wavelets, it suffices to show that Meyer type wavelets exist for the six matrices listed in Proposition 2.1. The matrices D and C 0 follow from taking tensor products of one dimensional wavelets as explained, for example, in [36] . The existence of Meyer type wavelets for the quinconx matrix (
) was shown by Calogero in [10, 11] . Since the quinconx matrix is integrally similar to C 2 and the same argument works for − C 2 , it suffices to prove that Meyer type wavelets exist for ± C 1 . Since our construction is going to be symmetric with respect to the origin, we will focus solely on C 1 (actually, we will focus on the matrix (   0  −1   2 1 ), which is integrally similar to C 1 ). We begin with an easy Proof. Note that since W and K 5 B(0, N) are bounded and bounded away from the origin, there is an R ¥ N such that whenever |j| > R,
Since W is compact and bounded away from zero and A is expansive, 
is the support of an MSF wavelet with low pass filter the Z 2 periodization of 1 T , where T=sym conv{(0, 
. We smooth the low pass filter in such a way that the support of the new filter is the interior of the Z 2 periodization of sym conv{(0,
Since the denominator is always positive and f ''vanishes strongly'' (see the proof of Claim 3.
, and m 0 (0)=1. Now, we show that Cohen's condition is satisfied for this set. The natural first guess for K is the scaling set K 1 =sym conv{(−1, − 2 ) intersected with K 1 , the set
Finally, it suffices to show that ĵ is compactly supported by verifying the hypotheses of Proposition 2.2 with W given by (2.1). A direct computation shows that the images of the zero set in Fig. 1 under various powers A j line up as pictured in Fig. 2 .
Clearly, all of W is covered by the union of these sets. Furthermore, k given by 
GENERAL FACTS
The main goal of this section is to give a simple sufficient condition on a dilation A which guarantees the existence of Meyer type wavelets associated with A. This condition says that A is strictly expansive; i.e., there exists a lattice tiling of R n such that the dilate of a tile contains some neighborhood of this tile. Even though we do not require that our tile is self-affine, the existence of strictly expansive tillings appears to be connected with the existence of self-affine tilings [3, [24] [25] [26] [27] [28] [29] [30] 37] . Since the strict expansiveness condition is meaningful regardless of the dimension, we will work on R n . An application of this condition to R 2 is given by Corollary 3.6.
Definition 3.1. We say that an n × n integral dilation B is strictly expansive if there exists a compact set K … R n such that
where K°is the interior of K.
When (3.1) and (3.2) hold, we say that B is strictly expansive with respect to K.
We shall prove the following existence theorem.
is strictly expansive then there exists a multiresolution analysis with a scaling function and an associated wavelet family of (|det A| − 1) functions in the Schwartz class.
Proof. Suppose the compact set K satisfies (3.1) and (3.2) . Given e > 0 we define
Note that K −e is closed, K +e is open, and the interior of K satisfies
. Hence there exists e > 0 such that
Define a function f by
Clearly f is in the class C
Moreover, by (3.1)
Finally define a function m: , the function f must ''vanish strongly,'' i.e., if
To see (3.9) , take t such that m(t) > 0. By (3.4) and (3.7), B(t+k) ¥ K +e for some k ¥ Z n , and hence (3.9) holds. We claim that (3.10) follows from (3.8) and
Hence by (3.8) m(t)=0 and (3.10) holds. Finally, (3.11) is the immediate consequence of (3.5) and (3.7) . This ends the proof of the claim.
We can write m in the Fourier expansion as
where we include the factor |det A| −1/2 outside the summation as in [7] . Since m is C .
, the coefficients h k decay polynomially at infinity, that is, for all N > 0 there is C N > 0 so that
Since m satisfies (3.8) and m(0)=1, m is a low-pass filter which is regular in the sense of the definition following [7, Theorem 1] . (3.13) has orthogonal translates, i.e.,
if and only if m satisfies the Cohen condition, that is there exists a compact set K … R n such that
• K contains a neighborhood of zero,
The first guess for K to be K is in general incorrect, e.g., if K has isolated points. Instead we claim that there is 0 < d < 1 so that
)°by (3.3) and hence 0 ¥ K°. Finally, it suffices to check that
By the compactness of K there is a finite index set I … Z n such that
n and integrate (3.16) over B(t, e) to obtain
Therefore, if we take d=1/#I then there is k ¥ I such that |B(t+k, e) 5 K| \ d |B(t, e)| and hence t+k ¥ K . Thus (3.15) holds and K given by (3.14) satisfies the Cohen condition. Therefore j is a scaling function for the multiresolution analysis (V j ) j ¥ Z defined by
It remains to show that j is in the Schwartz class. We are going to prove that j is band-limited, i.e., ĵ is compactly supported. By (3.9) and (3.13)
On the other hand, by (3.10), m(B
we have 
Remark.
It is widely known (see [35] ) that for every dilation B there is an ellipsoid D and an s > 1 such that D … sD … BD. If one uses this fact to construct wavelets, the wavelets obtained do not have compactly supported Fourier transforms, see [8] for details. It is thus crucial to our considerations that the set K in the definition of strictly expansive matrices be compact and tile the plane by translations. The remainder of this section consists of finding a computationally convenient form of Theorem 3.2 in the two-dimensional case. The following proposition can be found in [3] . 
Under this norm, ||(x, y)||
Thus, under the hypotheses of the corollary, ||A Remarks. (i) If we set u=−1 in Corollary 3.6, then we obtain that the matrix A is strictly expansive if the a 1 norm of each column is less than the absolute value of the determinant of A.
(ii) When the u in g u (A) is understood, we simply write g(A).
A REDUCTION
The goal of this section is to prove [32] ), these techniques do not seem to be well-suited for our purposes. Therefore, we will devise an ad hoc procedure of reducing a dilation matrix to a matrix which is either strictly expansive or integrally similar to a matrix of the form (
(Note that by the theorem of Latimer and MacDuffee, there are (many) 2 × 2 dilation matrices which are not integrally similar to matrices of the form (
The Clearly, these types are not mutually exclusive.
Lemma 4.2. Every integer matrix is integrally similar to a matrix of type I, type II, or type III.
Proof. Suppose A is a given dilation matrix. Let By taking l= ± 1 we see that 0 ] |c| < |a − d| would contradict (4.4). Therefore, either |c| \ |a − d| or c=0. Likewise, using transformations (4.2) and (4.3) we have that either |b| \ |a − d| or b=0. This finishes the proof of Lemma 4.2.
The following lemma (stated without proof) will be used to reduce the general case to the case tr A \ 0. We turn now to studying strict expansiveness for the three types of matrices introduced in this section. Clearly, expansive matrices of type III are strictly expansive with respect to the unit square. Lemma 4.4 guarantees that expansive matrices of type II are strictly expansive with respect to some centrally symmetric set. Finally, Lemmas 4.5 and 4.6 cover the case of expansive matrices of type I which are not integrally similar to ( Let K h be a subset of R 2 given by
Lemma 4.3. (a) A dilation matrix A is integrally similar to a matrix that is strictly expansive with respect to a centrally symmetric set if and only if −A is integrally similar to a matrix that is strictly expansive with respect to a centrally symmetric set.
where h: [−1/2, 1/2] Q R is an odd function. Clearly, if h is continuous then K h is closed and
Moreover, since h is odd, K h is centrally symmetric, i.e., K h =−K h . Our goal now is to choose a continuous odd function h such that K h … A(K°h). First, notice that We claim that this implies that K h … A(K°h). Indeed, by (4.6) and uniform continuity of h there exists d > 0 such that It is easy to see that h is continuous everywhere except possibly points of the form a n e, n=0, 1, .... However, h is continuous at e and thus h is also continuous at every point a n e. Finally, we can extend h on R by defining h(y)=−h(−y) for y < 0.
Hence we have constructed an odd continuous and piecewise linear function h such that
|ah(y/a)+by/a − h(y)| [ be/a
for all y ¥ R.
Therefore, (4.6) holds and by the above argument, A is strictly expansive with respect to the centrally symmetric set K h given by (4.5). 
(4.8)
Note that we must have a, |d| \ 1, since our dilation is not integrally similar to (
The first matrix in (4.8) can not be even expansive by Proposition 3.5. The second and the fourth matrix are strictly expansive by the remark following Corollary 3.6, since their determinants are 2ad+a+d+1 and 2ad − a+d − 1, respectively. Finally, using that the third dilation in (4.8) is type I, we must necessarily have that a=1 and d=−1. It is then easy to show that ( (x 1 , 1), ± (x 2 , 1) or ± (1, y 1 ), ± (1, y 2 ) . But then the matrix A must be of the form ( Since c > 0 and 1 < l 2 < |det A|, it suffices to show that Finally we need to show
Note that by (4.10) and (4.11)
It remains to show
SPECIAL CASES
In this section, we prove that there exist Meyer type wavelets for all expansive matrices of the form (
. The determinant two case was completed in section 2, our main concern in this section is to prove that every 2 × 2 dilation A is integrally similar to a strictly expansive matrix with respect to a centrally symmetric set unless |det(A)|=2 or det(A)=3 and tr(A)=0.
We proceed again by breaking the theorem down into cases. 
We proceed with checking the a 1 norms of the columns. First, 1+|1+t|=t+2 < |d| by assumptions. Second, note that 
.
We wish to show that there is a u Corollary 3.6 that makes g u (A) < det(A). We claim that there is an E=E(d) > 0 such that −1 < u < −1+E works. We need to (carefully) move the pieces of B which are not also in A(B). Let T=conv{ (1, 0) , (1, 1) , ( 
Now, in the case that d is positive, let T=conv{(1, −1), (1, 1) , (1 − 2/(d+1), 1)} and let 0, 2) ). Figure 5 shows polygons K e and A(K e ) when d=4 and e=0.1.
In the case that d is negative, note that by (4.1) A is integrally similar to ( 
MEYER TYPE WAVELET BASES
Proof. Combine Theorem 5.6 with Theorem 2.4, Theorem 4.1, and the remark immediately preceding this theorem statement.
